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Motivation

A partition of a 2-torus A partition of a 3-torus
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Motivation

Substitution tiling systems, (2, P, w)

Prototiles, P = {p1,p2...,pn}. Each p; C R? is the closure of its

P

A tile t is a translation of some prototile.

interior.

P3
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Motivation

A substitution rule w(p;) that inflates, possibly rotates and
subdivides with translates of prototiles.

P; P2 P3
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Motivation

A partial tiling is a collection of tiles whose interiors are pairwise
disjoint. A tiling is a partial tiling whose union is R9.
The substitution can be iterated and extended to all tilings.

P3 P1Up2U p3
ab ab
2 2
3 2 . 2 4 3 2 ‘ 2 4
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Motivation

We define Q to be the set of tilings T such that if P C T then
P C wk(t) for some tile t.
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Motivation

Forcing the border

Definition

A tiling system (Q,P,w) forces its border if there is a k > 1 such
that, if T and T’ are two tilings containing a tile t, then the
patches in w*(T) and w(T’) consisting of all tiles which meet
wk(t) are identical.
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Motivation

Fibonacci

w' : b. — gb. / /

g w'(g)

wY:g.— b
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Motivation

Does not force border (a — ba and b+ a)

' - / 4
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Motivation

w": Does not force border (a — ba and b — a)

b. gb. bgb. gbbgbW
Extend on the right by b Extend on the right by g

.. .gbgbbb.@ . e babaab.. ..
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Motivation

w": Does not force border (a — ba and b — a)

b. gb. bgb. gbbgb.
7 7
/ /
Extend on the right by b Extend on the right by g
.. .gbgbbb.@ . e babaab.. ..
wh ...gbgt{blgb[glb... ... bgbg|blgb[b]...
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Motivation

w": Does not force border (a — ba and b — a)

b. gb. bgb. gbbgb.
7 7
/ /
Extend on the right by b Extend on the right by g
.. .gbgbbb.@ . e babaab.. ..
wh ...gbgt{blgb[glb... ... bgbg|blgb[b]...
(w¥)? ...gbglblbgb[blgb... ...gbg|blbgb glb. ..
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Motivation

In 1995 Anderson and Putnam showed that if a aperiodic
substitution tiling space forces its border then it is topologically
conjugate to a solenoid.
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Some dynamical systems

Hyperbolic toral automorphism

~ 11
TakeA—{1 O]

Define A : T2 — T2 as A([x]) = [Ax]. where T2 = R2/Z2.

Ais a toral automorphism.
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Some dynamical systems

: : -1 _ 1+V5
Eigenvalues : v and —y~*, where 'y_—l =2 >1
Eigenvectors: v, = B] and v, = [_Z }

Notice R?> = EY @ E®
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Some dynamical systems

: : -1 _ 1+V5
Eigenvalues : v and —y~*, where 'y_—l =2 >1
Eigenvectors: v, = B] and v, = [_Z }

Notice R* = E" & E°
For general A in GL4(R) we define,

Es={xeR|||A"|| = 0, n — +o0}
EY={xeR?||A"%|| = 0, n — —o0}

Definition

We say a matrix A is hyperbolic if A is in GL4(R) and,

R? = E° @ E".
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Some dynamical systems

On a hyperbolic toral automorphism the global unstable and stable
sets wrap around densely.

The local stable and unstable sets are given by moving a little bit
along the eigendirections. Locally, T? can be viewed as R x R.
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Some dynamical systems

Let f be a homeomorphism.

Definition
We say two points x, y in X are stably equivalent and write x < y
if

lim d(f"(x),f"(y)) =0

n—+00
We let X°(x), the set of y with x < y.

Unstably equivalent points are defined analogously.
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Some dynamical systems

The HTA can be modeled using symbolic dynamics by way of
Markov partitions by a finite-to-one factor map.

@ Adler and Weiss 1967 for the case of dimension d = 2.
@ Sinai 1968 any finite dimension d.
@ Bowen 1970, for basic sets of Axiom A diffeomorphisms.
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Some dynamical systems

Markov Property

R R AR
i AR | R
L I 1 e -— _l-__\) _____ —
Good Bad covering Bad covering
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Some dynamical systems

Tracking orbits

A~2(x) A~1(x) A%(x) Al(x) A% (x)
€1.
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Some dynamical systems

Tracking orbits

A~%(x) A~ (x) A%(x) Al(x) A?(x)
e3 er. €2
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Some dynamical systems

Tracking orbits

A~%(x) A~ (x) A%(x) Al(x) A?(x)
e3 er. €2

Dina Buric Finding tiling spaces in the most curious places.



Some dynamical systems

Tracking orbits

A°(x) Al(x) A%(x)
er. e €4
G _ & /m

€s
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Some dynamical systems

2nd example-shifts of finite type

Let G be a finite directed graph which consists of a vertex set G°,
an edge set G!, and two maps r,s : G1 — G°. The source vertex
of edge e is given by s(e) and the range vertex is given by r(e).

Definition
We define

Y6 = {(Xn)nez | Xn € G*, r(xn) = s(xps1) for all nin Z}
With the left shift map o : X — ¢,

o(x)n = Xp+1-
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What we're after

Definition

A factor map m, has a splitting, if it is a composition of a v and
s-bijective map.

(ZG7U)
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What we're after

Definition

We say that 7 : (X, f) — (Y, g) is s-bijective if, for any x in X, its
restriction to X*(x) is a bijection to Y*(7(x)).

Theorem

Let : (X,f) — (Y,g) be an s-bijective map. Then for every x in
X, the map w: X°(x,€) = Y*(n(x),€) is a local homeomorphism.

A u-bijective map is defined and characterized analogously.
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What we're after

Suppose we also have us, an s-bijective map and p,, a u-bijective
map such that,

(ZGa U)

%
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What we're after

Suppose we also have us, an s-bijective map and p,, a u-bijective
map such that,

(Xg,0) Cantor x Cantor
% /
(2, w) m 777 m
x %
(Td,A) R™x R"= ES x EY

What must the intermediary space look like locally?
What is a candidate space?

Dina Buric Finding tiling spaces in the most curious places.



What we're after

(Q,w) is a Tiling space!
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Results so far

Definition

A factor map m, has a splitting, if it is a composition of a u and
s-bijective map.

(zGaU)

(T, A)

Does the splitting always exist? Is there a necessary and
sufficient condition for a given factor map, 7, to have a
splitting?



Results so far

A splitting for the map 7 exists if the boundary around a periodic
point looks something like this...

x+ E®

The stable boundaries around a periodic point (for the map A)
should look the same in the EY direction.
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Constructing Markov partitions

Constructing Markov partitions

Let Gyp be the following finite directed graph with labelling map,

|78 Gf]I-b — Zz.

I/(63) = (0, 0)

wen-col B X©)

Suppose we take x = ... e 36063.60636038063 ... from Y. .

Dina Buric Finding tiling spaces in the most curious places.



Constructing Markov partitions

A(1,0) + A3(1,0) + A%(1,0)...
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Constructing Markov partitions

ﬂ-s{X € ZGﬁb | r(XO) = B}

blue set

WS{X € Xa | r(XO) = G} ' . :

set

-1.0 -05 05

-05

-10

Dina Buric Finding tiling spaces in the most curious places.

10




Constructing Markov partitions

RBU and RGU
107
Rg =m'{x € Xg, | r(x0) = B}
= blue set
05)
Rg = 7TU{X € ZGﬁb | r(XO) = G} ‘ ,
10 T05 05 10
= set
05k
_10_
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Constructing Markov partitions

S S u u S u S u
B> IG» B:mRG g+ Rg Rg +Rg

05
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Constructing Markov partitions

%z + R¢, Rg + RE g : R? = T? mod Z? map.

R q(R)
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Constructing Markov partitions

Our Gy, example does not satisfy the condition
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Constructing Markov partitions

|dea for proof

Suppose the condition fails.

Choose x and y unstably equivalent and stably equivalent to a
periodic point, where x has one preimage under 7 while y has two
preimages under 7. Contradicts properties of u and s-bijective
maps. No splitting for the map 7 : Xg,, — T? exists.

Dina Buric Finding tiling spaces in the most curious places.



Constructing Markov partitions

Does there exist another SFT for which the factor map splits?

Theorem (Putnam,2005)

Let (Y,g) be an irreducible Smale space. Then there exists a shift
of finite type (X, ), another irreducible Smale space (2, w), and

w:(X,0) = (Quw)
p:(w) = (Y, g)

factor maps, such that y is s-bijective and p is u-bijective.

How do we find it, explicitely?
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Finding factor maps that split

The collared tiling system (€21, P1,w;) forces its border.

Original prototiles Collared prototiles
Rs" and R5" RY R.M RS
10 10
05 05
-10 -05 05 10 -10 -05 05 10
-05 -05
-10 =10
0
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Finding factor maps that split

Non-conjugate shifts of finite type

(Zgyp: o) (old) (Zaip» o) (new)

®)
& ©
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Finding factor maps that split

New Markov partition.

A
Al

e
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Finding factor maps that split

From Anderson and Putnam 1998 and Wieler 2005.

(ZGfibl ) U)

(le wl) 4 (Qla w,)
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Finding factor maps that split

A three dimensional example

111
Let B= |1 0 0|. The induced map B defines an HTA of T3.
010

Eigenvalues: 8 > 1, a, @, where 83 — 2 -3 —-1=0.

Expanding line and contracting plane.
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Finding factor maps that split

The Markov partition is given by the following (viewed in R3).
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Finding factor maps that split

(0,0,0)

(0,0,0)

Unstable (Tribonacci) Stable (Rauzy)

ARY = R{URY —(1,0,0)° R = AR; U ARS U ARS
ARy = R{ UR —(1,0,00°  Rj= AR} +(1,0,0)°
ARY = R} R3 = AR; +(1,0,0)°
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Finding factor maps that split

RS = ARS U ARS U ARS

1.00

0.75

0.50 q

0.25 1

0.00 1

—0.25 4

—0.50 4

—0.75

-1.00 T T T T T T T
-1.00 =-0.75 =0.50 =-0.25 0.00 0.25 0.50 0.75 1.00

(=)
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Finding factor maps that split

Interior point Boundary point

No splitting for the factor map exists.
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Finding factor maps that split

(ZGnew7 O-)

(Ql,Wl) Tnew (lew/)

(T%,A)

(Q1,w1) collared tribonacci substitution

(Q,w)  collared Rauzy substitution (tiling example 1)
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Finding factor maps that split

We know:
@ Existence of splitting for 1 = condition on boundaries of

MP.

e Forcing the border of (Q,w) = 3 a map 7 that splits.

@ We have been working on an example of a factor map that
splits, but the correspdonding tiling system (2, w) does not
force its border.

Questions:

@ Does the condition being satisfied imply the existence of a
splitting?

o If we randomly label a graph of the SFT what sort of sets in
RY are possible? Under which conditions?

@ What does all of this have to do with lan's homology theory
for Smale spaces?
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